We propose a new method, based on sample splitting, for constructing bootstrap confidence bounds for a parameter appearing in the regular smooth function model. It has been demonstrated in the literature, for example, by Hall [Ann. Statist. 16 (1988) 927-985; The Bootstrap and Edgeworth Expansion (1992) Springer], that the well-known percentile-t method for constructing bootstrap confidence bounds typically incurs a coverage error of order O(n −1 ), with n being the sample size. Our version of the percentile-t bound reduces this coverage error to order O(n −3/2 ) and in some cases to O(n −2 ). Furthermore, whereas the standard percentile bounds typically incur coverage error of O(n −1/2 ), the new bounds have reduced error of O(n −1 ). In the case where the parameter of interest is the population mean, we derive for each confidence bound the exact coefficient of the leading term in an asymptotic expansion of the coverage error, although similar results may be obtained for other parameters such as the variance, the correlation coefficient, and the ratio of two means. We show that equal-tailed confidence intervals with coverage error at most O(n −2 ) may be obtained from the newly proposed bounds, as opposed to the typical error O(n −1 ) of the standard intervals. It is also shown that the good properties of the new percentile-t method carry over to regression problems. Results of independent interest are derived, such as a generalisation of a delta method by Cramér [Mathematical Methods of Statistics (1946) Princeton Univ. Press] and Hurt [Apl. Mat. 21 (1976) [444][445][446][447][448][449][450][451][452][453][454][455][456], and an expression for a polynomial appearing in an Edgeworth expansion of the distribution of a Studentised statistic for the slope parameter in a regression model. A small simulation study illustrates the behavior of the confidence bounds for small to moderate sample sizes.
Introduction. Since its introduction by Efron
in the 1970s, the bootstrap method has provided an ever-increasing number of automated methods tailored for inference, including methods that may be used to construct confidence bounds or intervals for an unknown population parameter. Standard methods include the well-known backwards percentile bound (denoted in this paper byÎ B ), a hybrid percentile bound (Î H ) and the percentile-t bound (Ĵ ), as well as refinements such as the bias-corrected and the accelerated bias-corrected bounds (see [7] ). A very informative theoretical review is given in [9] , in which the author demonstrates that using these standard methods to construct one-sided confidence bounds typically results in coverage errors of order O(n −1/2 ), except in the case of the percentile-t and accelerated bias-corrected bounds, which incur errors of O(n −1 ).
In [4] , Chang and Lee show that it is possible to reduce the coverage error of the standard percentile bounds by employing the m/n bootstrap, which were studied by [2, 13] , among others. Their method for constructing percentile bounds reduces the coverage error to O(n −1 ). Although in a different way, our new method for constructing bounds also relies on the successes of the m/n bootstrap. We show that our new percentile bounds offer reduced coverage error of O(n −1 ) as well. However, our method may be used to obtain new percentile-t bounds with reduced coverage error of size O(n −3/2 ) and in some cases O(n −2 ). These improvements are achieved by the new bounds without computationally intensive bootstrap iteration or parametric assumptions required for most higher-order likelihood or saddlepoint methods.
In the arguments of Hall [9] , the order of coverage error of confidence bounds is primarily determined by a random distance, for example,θ n − θ = O p (n −1/2 ), whereθ n is some estimator for the parameter θ . The rationale behind our idea rests upon the construction of a confidence bound in such a way that the order of coverage error is essentially determined by a constant distance, which is typically of the form E(θ n − θ) = O(n −1 ). This may be accomplished by splitting the sample into two independent sets. The method of construction relies partly on the fact that, if Y and Z are two independent random variables in R and we let (z) := P(Y ≥ z), z ∈ R, we may write ( 
1.1) P(Y ≥ Z) = E (Z) .
The remainder of the paper is organised as follows. In Section 2, we briefly discuss the standard bootstrap methods. The construction of the new confidence bounds is presented in Section 3. Section 4 contains a discussion on the asymptotic coverage probabilities of the new hybrid and backwards percentile bounds. Section 5 presents a similar discussion on the asymptotic behavior of the new hybrid and backwards percentile-t bounds. As an illustrative example, we provide in Section 6 details of the asymptotics of the proposed confidence bounds when the parameter of interest is the mean of a univariate population. As shown in Section 7, the new results may be extended to the linear regression setup, where the slope parameter is of interest. Section 8 contains a brief discussion on how the results for bounds may be used to obtain similar asymptotic results for equal-tailed confidence intervals. Section 9 provides a small simulation study, illustrating the behavior of the confidence bounds for small to moderate samples.
quantiles. Consider a random sample X n = {X 1 , . . . , X n } from an unknown pdimensional distribution depending on a scalar parameter θ . The aim is to construct a (1 − α)-level upper confidence bound for θ , based on some appropriate point estimatorθ n for θ . Denote by X * n = {X * 1 , . . . , X * n } a random sample of size n taken with replacement from X n and letθ * n be the same function of X * n asθ n is of X n . In what follows σ 2 denotes the asymptotic variance of n 1/2θ n , for which an estimator σ 2 n exists. Letσ * n be the bootstrap version ofσ n . In terms of this notation, the two standard percentile (1 − α)-level bootstrap confidence bounds for θ may then be written aŝ
whereξ n,α is the α-level quantile of the bootstrap distribution of the standardised θ * n , i.e., P * (n 1/2 (θ * n −θ n )/σ n ≤ξ n,α ) = α, where P * refers to the conditional probability law of X * n given X n . The subscripts H and B allude to the terms hybrid and backwards often used to refer to these two types of bounds (cf. [9] ). Typically,
The so-called percentile-t bound, favored by [9] , may be expressed aŝ
whereη n,α is the α-level quantile of the bootstrap distribution of the Studentised θ * n , that is,
REMARK 2.1. Although only upper confidence bounds are studied in this paper, the results immediately hold also for lower confidence bounds by noting that if, for example,Ĵ (α) is an upper (1 − α)-level confidence bound for θ , then
Construction of the new confidence bounds.
We first introduce some notation in the regular smooth function model framework of [1] . 
uniformly in x ∈ R, where the p j and q j are polynomials of degree 3j − 1, odd/even for even/odd j , with coefficients depending on moments of W 1 up to order j + 2.
It was shown by [4] that valid expansions analogous to (3.2) and (3.3) can be obtained for statistics obtained via the m/n bootstrap. Let W * m,r = {W * 1 , . . . , W * m } denote a resample of size m drawn randomly with replacement from W r . Throughout we will assume that m = O(r) and m → ∞ as r → ∞. We do not require the more restrictive assumption m = o(r), as is usually done in the m/r bootstrap literature when considering nonregular cases. This means that when we apply the m/r bootstrap we can indeed also take resamples of sizes m larger than r. In fact, several papers have appeared in the literature in which the resample size is chosen larger than the original sample (see, e.g., [3] ). In the simulation study in Section 9, we have also considered choices of m larger than r. Now define m/r bootstrap estimators for θ and β aŝ [12] ). These expansions hold uniformly in ε ≤ α ≤ 1 − ε for any ε ∈ (0, 
In the following section, we investigate the asymptotic properties of these newly proposed bounds.
Asymptotic properties of the percentile bounds.
In the following two subsections we derive, under some regularity assumptions, the asymptotic coverage probabilities of the hybrid and backwards percentile bounds. Among others, it is shown thatÎ N H has coverage error of O(n −1 ), compared to the coverage error of O(n −1/2 ) of the standard bootstrap boundÎ H . As far as the backwards bound is concerned, we show thatÎ N B has coverage error of O(n −1/2 ), but in some cases also has coverage error of O(n −1 ).
4.1.
Hybrid bound coverage probability. The next theorem presents an asymptotic expansion for the coverage probability ofÎ N H . 
where C θ (z α ) is the coefficient of r −1 in a power series expansion of
Moreover, if we choose = γ n ψ for some γ > 0 and
In the case where ψ = 1 and 0 < γ < 1,
4.2.
Backwards bound coverage probability. The next theorem presents an asymptotic expansion for the coverage probability ofÎ N B .
THEOREM 4.2. Under the assumptions of Theorem 4.1, it follows that
where
Further, if we choose = γ n for some 0 < γ < 1, then
In the case where
REMARK 4.1. In Section 6, we apply the results of this section to the case where the parameter of interest is the mean of a univariate population. We also derive exact expressions for the constants
We now move on to derive corresponding results for the percentile-t boundsĴ N H andĴ N B . It will be seen thatĴ N H has asymptotic behavior that is superior to that of the percentile bounds.
Asymptotic properties of the percentile-t bounds.
In this section, we derive asymptotic expressions for the coverage probabilities of the hybrid and backwards percentile-t type bounds. We demonstrate that, typically, the newly proposed hybrid boundĴ N H leads to a coverage error of O(n −3/2 ) and in some cases even to O(n −2 ). This is an improvement over the standard percentile-t bootstrap boundĴ , which has coverage error O(n −1 ).
5.1.
Hybrid bound coverage probability. The next theorem presents an asymptotic expansion for the coverage probability ofĴ N H . 
where D θ (z α ) is the coefficient of r −1 in a power series expansion of
REMARK 5.1. As will be shown in Example 6.3, it might occur naturally that D θ (z α ) = 0. In such cases, the order of coverage error is reduced to O(n −2ψ ), for 2 3 < ψ ≤ 1.
5.2.
Backwards bound coverage probability. The next theorem presents an asymptotic expansion for the coverage probability ofĴ N B .
THEOREM 5.2. Under the assumptions of Theorem 5.1, it follows that
, and
Furthermore, if we choose = γ n for some 0 < γ < 1, then
6. Some illustrative examples. In this section, we provide a detailed discussion for the case where the parameter θ is the mean of a univariate population. The results derived in Sections 4 and 5 hold in general for any parameter θ which can be expressed in the regular smooth function model framework of [1] , including, for example, the variance, the correlation coefficient, and the ratio of two means.
To be able to derive rigorously exact asymptotic expressions for the expectations in Theorems 4.1, 4.2, 5.1 and 5.2, and the assumptions (A1)-(A7) and (B1)-(B7), calls for a special form of the so-called "delta method". One convenient result (see [11] ) states formal conditions under which the expectation of a Taylor approximation of a bounded function g of statistics accurately approximates the expectation of the function itself up to an arbitrary order. The theorem we prove below extends the result derived by [11] in that it allows the restriction of boundedness of g to be relaxed. Furthermore, the theorem is also a generalization of a result by [5] . 
As a consequence of this theorem, we have the following useful result, which will be required in the examples that follow. To the best of our knowledge, the coefficients of the terms of order n −1 do not appear in the existing literature. 
respectively, where
, and (6.1)
EXAMPLE 6.1 (Hybrid percentile bound). Let X 1 , . . . , X n denote a random sample from an unknown univariate distribution with mean μ and variance 0 < σ 2 < ∞. We would like to construct the confidence boundÎ N H for the population mean μ, which may be expressed in the smooth function model setting as follows. In the notation of Section 3, set
The appropriate estimators for θ and β are then given bŷ 2 . For the case of the mean it has been shown in the literature (see, e.g., [10] ) that the polynomials p 1 and p 2 in (3.2) are given by
where κ 3 and κ 4 denote the third and fourth cumulants of (X 1 − μ)/σ , respectively. Sample versionsp 1,r andp 2,r of these polynomials may be obtained by substituting κ 3 and κ 4 for their respective estimators based on the subsample X r . Explicitly,
If it is assumed that X 1 has sufficiently many finite moments, it follows by Corollary 6.1 and Lemma 3 in the supplementary material [12] that assumptions (A1)-(A7) are satisfied. The results of Theorem 4.1 therefore hold for the case of the mean, and it follows immediately that the coefficient C θ (z α ) is given by
EXAMPLE 6.2 (Backwards percentile bound). Applying Theorem 4.2 in the setting of Example 6.1, it follows readily that
The coefficient C θ (z α ) is given in Example 6.1. Notice that if, for example, the sample originated from a symmetric distribution, then κ 3 = 0 and K 1 (z α ) = K 2 (z α ) = 0 so that the two confidence boundsÎ N H ( , α) andÎ N B ( , α) have the same order of coverage error. EXAMPLE 6.3 (Hybrid percentile-t bound). Suppose X 1 , . . . , X n are i.i.d. random variables from an unknown univariate distribution with mean μ and variance 0 < σ 2 < ∞. We again consider the case where the parameter of interest is θ = μ. Denoting by κ j the j th cumulant of (X 1 − μ)/σ , it is well known (see [10] ) that the polynomials q 1 and q 2 in (3.3) are given by
More recently, the Edgeworth polynomial q 3 has been derived by [8] , which is reproduced here in a form more convenient for our purposes: Sample versionsq 1,r ,q 2,r andq 3,r of these polynomials may be obtained by substituting the population cumulants for their respective estimators based on the subsample X r .κ 3,r andκ 4,r are given in (6.2), and (see [5] , page 187)
By making use of the results of Corollary 6.1, it is a trivial task to show that assumptions (B1)-(B7) in the supplementary material [12] are satisfied. For this example, the coefficient D θ (z α ) in Theorem 5.1 is given by
Note that D θ (z α ) = 0 if X 1 has a symmetric distribution. In this case, the order of coverage error ofĴ N H ( , α) will be significantly reduced to O( −2 ), which becomes O(n −2 ) if = γ n , 0 < γ < 1. See Remark 5.1. EXAMPLE 6.4 (Backwards percentile-t bound). As a final example, we apply Theorem 5.2 in the setting of Example 6.3 under the supposition that X 1 has a symmetric distribution. In this case κ 3 = κ 5 = 0, whence
In the next section, we demonstrate that the results of the newly proposed confidence bounds may be extended to the linear regression setup.
Linear regression.
It has been shown in the literature (see [10] ) that the good properties of both the standard percentile and percentile-t bootstrap methods carry over to regression problems. For example, confidence bounds for the slope parameter constructed using the traditional methodsÎ H andĴ have reduced coverage errors of O(n −1 ) and O(n −3/2 ), respectively. In this section, we investigate only the performance of our new hybrid percentile-t bound (the two percentile and the backwards percentile-t bounds can be treated similarly) in the linear regression setup. We show that the coverage error of this bound is typically O(n −2 ). To facilitate exposition, we consider only simple linear regression, but the results may be extended to multiple linear regression.
Suppose we observe pairs X n = { (x 1 , Y 1 ) , . . . , (x n , Y n )} generated by the simple linear regression model
where c and d are unknown, nonrandom constants,x n = n −1 n i=1 x i , and {ε 1 , . . . , ε n } is a sequence of i.i.d. random variables from an unknown distribution with zero mean and constant variance 0 < σ 2 < ∞. Throughout, we assume that the x i are fixed.
The least-squares estimator for
Furthermore, the estimator for σ 2 is the mean squared residuals, viz.
In [10] it is shown that, if lim sup n max 1≤i≤n |x i −x n | < ∞, one may obtain the Edgeworth expansion
uniformly in x ∈ R, where the q j,n are the appropriate polynomials with coefficients depending on moments of (x i , Y i ). In particular,
3) with κ j denoting the j th cumulant of ε 1 /σ and He j (u) the j th Hermite polynomial. We shall also require the third Edgeworth polynomial q 3,n , which apparently does not appear in the existing literature. It may be shown by laborious algebra (see Lemma 4 in the supplementary material [12] ) that
We may now construct our new hybrid percentile-t confidence bound for d. As before, split the original sample in two disjoint subsets
k=1 x k , the least squares estimators (based solely on X ) for d and c are
, κ x,r and τ x,r be the same functions of X r as γ x,n , κ x,n and τ x,n are of X n . Also, define γ x, , κ x, , τ x, as functions of X .
Since the variance ofd is
x, σ η m,r,α , 2 , and
The Cornish-Fisher polynomialsq cf j,r appearing in this expression are completely determined by the Edgeworth polynomialsq j,r through the relations given in Lemma 1 in the supplementary material [12] , whereq j,r are given bŷ 
, where κ j denotes the j th cumulant of ε 1 /σ . Moreover, if we choose = γ n ψ for some γ > 0 and 2 3 < ψ < 1, then
In the case where ψ = 1 and 0 < γ < 1, 
Equal-tailed confidence intervals.
The one-sided upper and lower confidence bounds may be used to construct equal-tailed confidence intervals. For example, in the notation of Section 2 the standard bootstrap percentile-t (1 − 2α)-level confidence interval for θ is given bŷ
The order of coverage error of this interval is typically O(n −1 ), except in the case where κ 3 = κ 4 = 0, which reduces the error to O(n −2 ) (see [9] , page 949). Moreover, [9] shows that equal-tailed confidence intervals constructed fromÎ H andÎ B , as well as intervals constructed from the bias-corrected and accelerated bias-corrected bounds, also incur coverage errors of order O(n −1 ).
We now show that equal-tailed confidence intervals with a reduced coverage error of O(n −2 ) may be obtained using the newly proposed hybrid percentile-t boundĴ N H , without the assumption that κ 3 = κ 4 = 0. We have from Theorem 5.1 that
Recalling that φ, q 1 andq 1,r are even functions, it follows immediately from ( poorly to the error O(n −3/2 ) attained byĴ N H (see Theorem 5.2). Again, the size of the upper bound can be decreased with an appropriate choice of . Notice that, in agreement with theory, the coverage errors of all considered bounds converge to the nominal coverage error α as the sample size n is increased.
Interestingly, the simulation study shows that the coverage of the backwards percentile boundÎ N B seems to be better than that of the hybrid percentile bound I N H for the skewed distributions χ 2 3 and F 5, 8 . However, this does not contradict the results derived in Theorems 4.1 and 4.2. The main reason behind this observation appears to be the magnitude of the constants K 1 (z α ) and C θ (z α ) appearing in the theorems relative to the sample sizes chosen in this study. Similarly, in the case of the χ 2 3 distribution, the slight underperformance of the proposed percentile-t boundĴ N H when compared to the standard percentile-t boundĴ can be ascribed to the fact that the constant D θ (z α ) in Theorem 5.1 is relatively large, but its effect on coverage diminishes quickly as the sample size increases. A more detailed discussion on these two observations is given in Section 2 of the supplementary material [12] .
Overall, it is clear that the improvement in coverage accuracy comes at the cost of a larger upper bound. However, by making a suitable choice of when splitting the sample one may achieve a significantly improved coverage probability with only a slight increase in the magnitude of the upper bound. Ideally, a data-based choice of is needed which, however, will require deeper analysis and we leave a detailed study for future research.
